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Abstract
In this article we discuss the analytic solution of the fully developed shock waves. The Adomian decomposition
method is used to solve the shock wave equation which describes the ﬂow of gases.
Unlike the various numerical techniques, which are usually valid for short period of time, the solution of the
presented equation is analytic for 0 t <∞. Also, the results presented here indicate that the method is reliable,
accurate and converges very rapidly.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Conservation laws are common features of individual theories of continuum physics. The laws are
supplemented by constitutive relations which characterize the particular medium in question by relating
the values of the main vector ﬁeld u to the ﬂux f . Here we assume that these relations are expressed by
smooth forms, and consequently the conservation laws lead to nonlinear hyperbolic partial differential
equations. The simplest type is the ﬁrst-order equation:
ut (x, t) + f (u(x, t))x = 0, x ∈ R, t > 0 (1)
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with the initial condition
u(x, 0) = u0(x), x ∈ R. (2)
Eq. (1) arises in a model for a diverse range of physical phenomena from shock waves to three-phase
ﬂow in porous media.
Shock waves occur in explosions, trafﬁc ﬂow, glacier waves, airplanes breaking the sound barrier and
so on. They are modeled by nonlinear hyperbolic partial differential equations [6–8].
To solve Eq. (1), one can use the method of characteristic curves. The characteristic system associated
with the above equation is [13].
dx
f ′(u)
= dt
1
= du
0
, (3)
which leads to the following ordinary differential equation for these curves
dx
dt
= f ′(u). (4)
The characteristic Eq. (4) depends on the unknown function u(x, t) itself. Each solution u(x, t) of Eq.
(1) will give a different set of characteristics. Upon integrating the characteristic system (3), we obtain
u1(x, t) = u(x, t), u2(x, t) = x − f ′(u(x, t)), (5)
which gives the following general solution for u(x, t)
u(x, t) = F(x − f ′(u)t). (6)
Using the initial conditions at t = 0, gives
u(x, 0) = u0(x) = F(x). (7)
Therefore for sufﬁciently small t, the general solution is given by
u(x, t) = u0(x − f ′(u)t). (8)
This solution is valid as long as the condition
1 + du0(x − f
′(u)t)
dx
f ′′(u)t > 0 (9)
is satisﬁed. If the left-hand side of Eq. (7) approaches zero, then the solution develops discontinuity and
shocks develop.
The difﬁculties associated with this approach is that the solution is given implicitly by Eq. (6), which
initiates the need for other reliable techniques to solve the shock wave Eq. (1). One of these techniques
is the Adomian decomposition method (ADM). In the next section we will discuss the implementation
of the method as in [1,2,4] to the shock Eq. (1). In Section 3, the implementation of the ADM method
to the shock wave equation describing the ﬂow of gases will be discussed. The results are discussed in
Section 4 and concluding remarks are presented in Section 5.
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2. The Adomian decomposition method
The ADM [1,2,4] is quantitative rather than qualitative, analytic, requires neither linearization nor
perturbation and continuous with no resort to discretization. It consists of splitting the given equation into
linear and nonlinear parts, inverting the highest-order derivative operator contained in the linear operator
on both sides, identifying the initial and/or boundary conditions and the terms involving the independent
variables alone as initial approximation, decomposing the unknown function into a series whose compo-
nents are to be determined, decomposing the nonlinear function in terms of special polynomials called
Adomian’s polynomials, and ﬁnding the successive terms of the series solution by recurrent relation using
Adomian polynomials.
To solve the shock waves equations using the ADM, we rewrite Eq. (1) as
ut (x, t) + f ′(u(x, t))ux(x, t) = 0, (10)
which can be written in an operator form as
Ltu + Lxf (u(x, t)) = 0, u(x, 0) = u0(x), (11)
where the notation Lt = /t and Lx = /x symbolize the linear differential operators. Applying the
inverse operator L−1t =
∫ t
0 (.)dt to the system given by Eq. (11) yields
u(x, t) = u0(x) − L−1t [(u)], (12)
where (u) = Lxf (u(x, t)). The ADM [1,2] assumes that the solution u(x, t) can be written in terms of
an inﬁnite series of the form
u(x, t) =
∞∑
n=0
un(x, t), (13)
and the nonlinear term  can be represented by the inﬁnite series of the form
(u) =
∞∑
n=0
An, (14)
where An, n = 0, 1, 2, . . . are the appropriate Adomian’s polynomials which are given by [2]:
An = 1
n!
dn
dn
[

( ∞∑
k=0
kuk
)]
=0
, n0.
Substituting Eqs. (13) and (14) in Eq. (12) and assuming that u0(x, t) = u0(x), one can generate the rest
of the terms of the series solution using the recursive relation:
u0(x, t) = u0(x), un+1(x, t) = −L−1t [An], n1. (15)
Then the general solution u(x, t) will be
u(x, t) = lim
n→∞
n∑
k=0
uk(x, t). (16)
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The decomposition series solution given by Eq. (16) in general converges very rapidly in real physical
problem [2]. The convergence of the decomposition series have been investigated by several authors. The
theoretical treatment of convergence of the decomposition method has been considered in the literature
[10,11]. For example, in [11] the authors proposed a new convergence proof of Adomian’s technique
based on properties of convergent series.
3. The shock wave equation
In this section we discuss the analytic solution of the shock wave equation which describes the ﬂow of
most gases as given by [3,9,12]
ut (x, t) +
(
1
c0
−  + 1
2
u
c20
)
ux = 0, (x, t) ∈ R × [0, T ],
where c0,  are constants and  is the speciﬁc heat. For the study case under consideration we take c0 = 2
and  = 32 which corresponds to the ﬂow of air which results in the following shock wave equation:
ut (x, t) +
(
1
2
− 5
16
u
)
ux = 0, (x, t) ∈ R × [0, T ], (17)
and the initial condition is assumed to be
u(x, 0) = u0(x) = e−x2/2. (18)
In [5, p. 171], it is shown that if c0?12 ( + 1)u then a series solution can be obtained and it is given by
u(x, t) =
∞∑
0
(−tB)n
(n + 1)!(n + 1)
n/2Hn
(√
n + 1
)
e−(x−t/2)2(n+1)/2,
where B = (+ 1)/2c20 and Hn(.) is the Hermit polynomial of order n. Then after expansion, the leading
terms of the above series solution will be
u(x, t) = e−(x−t/2)2/2
[
1 − 5
16
t (x − t/2)e−(x−t/2)2/2
+ 25t
2
512
[3((x − t/2)2 − 1)] e−(x−t/2)2 + · · ·
]
. (19)
According to the existence condition given by Eq. (9), the solution of Eq. (19) exists if
1>
5t
8
[
x −
(
1
2
− 5
16
u
)
t
]
e−(x−(1/2−5/16 u)t)2/2.
To construct the analytic solution of Eq. (17), we apply the ADM as presented in the previous section
and write Eq. (17) in an operator form as
Lt(u(x, t)) = −
[(
1
2
− 5
16
u
)
Lx(u(x, t))
]
. (20)
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Apply the inverse operator L−1t on both sides of Eq. (20) we obtain
u(x, t) = −L−1t
[(
1
2
− 5
16
u
)
Lx(u(x, t))
]
+ u0(x). (21)
Then the ﬁrst Adomain polynomial A0 = N(u0(x)), and u1(x, t) will be calculated according to the
relation
u1(x, t) = −L−1t (A0) = −L−1t
((
1
2
− 5
16
u0
))
u0x ,
and in general un+1(x, t) is calculated according to the recurrence relation
un+1(x, t) = −L−1t (An), (22)
where An, n=1, 2, 3 . . . are theAdomian polynomials of (u(x, t)) and calculated using Eq. (14). The
ﬁrst few terms of these polynomials are given below:
A0 = 12 u0x − 516 u0u0x ,
A1 = 12 u1x − 516(u0u1x + u1u0x),
A2 = 12 u2x − 516(u0u2x + u1u1x + u2u0x),
A3 = 12 u3x − 516(u0u3x + u1u2x + u2u1x + u3u0x).
Using the symbolic computation software, Mathematica, we are able to calculate the terms of the
decomposition series for u(x, t). Below, are the ﬁrst three of these terms:
u0(x, t) = exp(−x2/2),
u1(x, t) = − L−1t [A0],
= tx
[
−5
16
e−x2 + e
−x2/2
2
]
,
u2(x, t) = t
2
512
e−x2/2[−25e−x2 + 40e−x2/2 − 64x + 40xe−x2/2 + 75x2e−x2 − 80x2e−x2/2],
for the calculations at hand, we have calculated the ﬁrst 15 terms and therefore the series solution will be
uappr(x, t) = u0(x, t) + u1(x, t) + u2(x, t) + · · · u15(x, t).
It is worth noting that the decomposition of this problem could be carried out in a different manner. Eq.
(17) can be rearranged to be
ux(x, t) = −2ut (x, t) + 58u(x, t)ux(x, t)
or in operator form as
Lx[u(x, t)] = −2Lt [u(x, t)] + 58u(x, t)Lx[u(x, t)]
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which leads to the following inverse form:
u(x, t) = L−1x [−2ut + 58 u(x, t)Lx(u(x, t))] + u(0, t). (23)
The last form Eq. (23) requires that the initial condition u(0, t) must be given, and since we have the
condition u(x, 0)we use Eq. (21) to construct the solution of Eq. (1) and the result presented in this article
are the results of the decomposition form given by Eq. (21).
4. Discussion of the results
We use the ADM to solve the nonlinear hyperbolic Eq. (1). For comparison purposes, we consider the
shock wave Eq. (17) with the initial condition Eq. (18). Based on the ADM, we constructed the solution
as in Eq. (16), using the recurrence relation given by Eq. (22).
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Fig. 1. Absolute error |u(x, t) − uappr(x, t)| for −8x8, and 0 t1.
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Fig. 2. Surface plot of uappr(x, t) for −8x8, and 0 t2.
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Fig. 3. Contour plot of Fig. 2.
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Fig. 4. Surface plot of uappr(x, t) for −8x8, and 0 t4.
To demonstrate the accuracy of the method, we calculate the ﬁrst few terms (n = 15) of the solution
u(x, t) using Eq. (19) derived in [5] and compare the results with the solution of the method using
Eq. (22). Fig. 1 represents the error which is deﬁned at any point as |u(x, t) − uapp(x, t)| where u(x, t)
is given by Eq. (19). It indicates that the results of suggested method are getting very close to the exact
solution even when small number of terms are used, error can be made smaller by adding more terms to
the decomposition series Eq. (16).
Figs. 2 and 3 represent the surface plot of the wave velocity uappr(x, t) for −8x8, and for 0 t2
together with the contour plot of that surface, respectively. It shows that the wave is traveling smoothly
in this range of t .
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Fig. 5. Contour plot of the surface of Fig. (4).
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Fig. 6. Snapshots of the function uappr(x, t) at different time levels; (a) t = 1, (b) t = 3, (c) t = 4, (d) t = 5.
The shock starts to develop as t increases beyond 2.5. Fig. 4 represents the surface plot of the velocity
uappr(x, t) for 0 t4. The contour plots of that surface is shown in Fig. 5. It shows the development
of shocks as t increases beyond 2.5. Fig. 6 shows four proﬁles for the wave velocity u at different snap
shots, it shows the distortion of the smooth wave represented in Fig. 5 (a,b) to the shape presented in
Fig. 5 (c,d).
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5. Conclusions
In this work, our main concern has been to study shock development of the shock wave equation.
The example presented here is the shock wave equation of the ﬂow of gases. An approximation to the
analytic solution for the range 0 t <∞ was obtained by applying the Adomian domain decomposition
and symbolic calculations. A comparison of the results presented in this article and the results obtained
in [5] are given. It suggests that theAdomian decomposition method is accurate, reliable and easy to use.
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